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SUMMARIES 
Leibniz considered the "ars combinatoria" as a science 
of fundamental significance, much more extensive than the 
combinatorics of today. His only publications in the 
field were his youthful Dissertatio de Arte Combinatoria 
of 1666 and a short article on probability, but he left 
an extensive (hitherto unpublished and unstudied) Nachlass 
dealing with five related topics: the basic operations 
of combinatorics, symmetric functions in connection with 
theory of equations, partitions (additive theory of 
numbers), determinants, and theory of probability and 
related fields. This paper concentrates on the first and 
third topics as they appear in published sources and the 
Nachlass. It shows that Leibniz was in possession of many 
results not published by other mathematicians until many 
decades later. These include a recursion formula for 
partitions of n into k parts (first published by Euler in 
1751), the Stirling numbers of the second kind (first 
published in 1730), and several special cases of the 
general formula for partitions that was published only in 
1840 by Stern. 
Leibniz fasste die "ars combinatoria" als eine Wissen- 
schaft von grundlegender Bedeutung auf, die weit mehr 
umfasste als die heutige Kombinatorik. Seine einzigen 
Veraffentlichungen auf diesem Gebiet waren seine Jugend- 
schrift Dissertatio de Arte Combinatoria aus dem Jahre 
1666 und ein kurzer Aufsatz zur Wahrscheinlichkeitsrech- 
nung, aber er hinterliess einen umfangreichen, bisher 
unveraffentlichten und unbearbeiteten Nachlass, der sich 
mit fiinf entsprechenden Themenkreisen befasst : die kombina- 
torischen Grundoperationen, die symmetrischen Funktionen 
im Zusammenhang mit der Gleichungslehre, Partitionen 
(additive Zahlentheorie), Determinanten, Wahrscheinlich- 
keitstheorie und verwandte Gebiete. Der vorliegende 
Aufsatz beschr&!nkt sich auf den ersten und dritten Themen- 
kreis, soweit diese in gedruckten und vor allem nachge- 
lassenen Studien behandelt sind. Er zeigt, dass Leibniz 
viele Ergebnisse kannte, die von anderen Mathematikern 
erst viele Jahrzehnte spEter versffentlicht wurden. Zu 
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ihnen gehijren eine Rekursionsformel fir Parti tionen einer 
natiirlichen Zahl n in k Summanden (zum ersten Ma1 von 
Euler 1751 vertiffentlicht), die Stirlingschen Zahlen 2. 
Art (zum ersten Ma1 1730 veraffentlicht) und mehrere 
Spezialf2lle der allgemeinen Formel fir Partitionen, die 
erst 1840 von Stern gefunden wurde. 
Introduction 
Compared to the large amount of extant (though mostly unpub- 
lished) material, our knowledge of Leibniz’s studies on combina- 
torics is very meagre. Leibniz himself spoke of the “ars 
combinatoria”, a philosophical term to which he attached differ- 
ent meanings in the course of his life, but which always 
embraced more than what we call combinatorics today and was not 
even restricted to mathematical problems. It is therefore 
advisable to concentrate the present discussion on the mathemat- 
ical aspect of his “ars combinatoria”. 
But even when used in this restricted sense the Latin term 
is not identical with “combinatorics” in the modern meaning of 
the word. As Leibniz understood it, the “combinatorial science” 
included not only algebra and the theory of numbers, but also 
affected all fields of mathematics known in his time. Louis 
Couturat [1901, 478-5001 has given examples of this. 
In Leibniz’ early work Dissertatio de arte combinatoria 
[Leibniz 1666, hereafter abbreviated Ars Combinatoria], written 
while still under the influence of Lullism, this far-reaching 
meaning of combinatorics plays only a very minor role in regard 
to mathematics, while emphasis is given to the philosophical 
applications. It is therefore not astonishing that the book has 
its established place in studies on the history of logic, but 
so far has not been subjected to a thorough mathematical analysis, 
although a few details arrived at by Leibniz are repeatedly 
mentioned in the literature [Todhunter 1865, 31-33; Cantor 1901, 
43-45; Tropfke 1924, vol. 6, 68; Hofmann 1948, 4-5; Hofmann 1949, 
Z-31. 
Even the most recent studies on the Ars Combinatoria by 
Dy. Kutlumuratov [1964, 19-331 and Michel Serres [1968a; 1968b, 
409-421; 19691 hardly go beyond the earlier descriptions insofar 
as the mathematical aspects are concerned. Thus, although 
Serres [1968a, 119; 1968b, 4091 is right when he observes that 
“Le De Arte est le parent pauvre du commentaire Leibnizien,” 
one can hardly agree with his concluding statement that “L’apport 
du De Arte B la science mathematique se resume 3 cell” [1968a, 
124; 1968b, 4151. Contrary to his plans Leibniz never published 
any further mathematical contributions to the Ars Combinatoria 
except for a short essay on the theory of probability [Leibniz 
16901, but hundreds of mostly uncollated manuscripts among the 
more than 7300 pages of mathematical material he left behind 
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bear witness of his numerous studies in this field. 
Disregarding those studies exclusively concerned with the 
theory of numbers or with algebraic problems, the relevant notes 
may be roughly grouped under five headings: 1. Combinatorial 
theory in a narrower sense (basic combinatorial operations). 
2. Symmetric functions (together with the theory of equations). 
3. Partitions (a part of additive theory of numbers). 4. Deter- 
minants (elimination of unknowns in systems of linear equations 
and equations of higher degree). 5. Theory of probability and 
related fields (theory of games, calculation of rents and 
interest). 
For practical reasons a selection has to be made. The last 
two groups are most easily treated separately. The number of 
extant manuscripts on them is quite different. Leibni z kept 
more than 900 drafts on determinants (the algebraic index nota- 
tion) , of which only a very few have appeared in print. These 
will be discussed in a separate publication [Knobloch 19751. 
On the fifth topic Leibniz produced only a few sometimes quite 
erroneous studies. The more important ones have recently been 
discussed by Biermann [1965, 79-851. 
Because of Leibniz’s conception of the “ars combinatoria,” 
studies on one of the first three topics often embrace parts of 
the other two, which makes it quite difficult to draw boundaries 
between them. For example, Leibniz tried in numerous studies 
to determine the partitions of integers into a given number of 
summands, i.e. special combinations in his terminology. He 
recognized the interest of the problem for probabilities in dice 
games and for constructing magic squares and cubes. He had the 
same application in mind, however, when he sought the number of 
certain symmetric functions of a certain degree or an algorithmic 
resolution of general equations of the fifth and higher degree. 
The symmetric functions again are the subject of numerous special 
studies dealing with polynomial powers, power sums, the reduc- 
tion of symmetric functions, the number and variability of their 
terms, or calculations with them. Leibniz handles all these 
problems with combinatorial methods in the modern sense. 
It appears from the foregoing description of the drs 
Combinatoria that manuscripts that at first sight seem irrelevant 
may nevertheless contain valuable information. In the present 
paper we restrict ourselves to a discussion of Leibniz’s major 
results on the first and third topics, except for a short intro- 
ductory analysis of his early work as a whole, since those from 
the second group are discussed elsewhere [Knobloch 19723. 
1. The Dissertatio de drte Combinatoria 
1.1. Systematic arrangement and introduction 
Leibniz prefaces his dissertation with a table of contents, 
a proof of the existence of God which we shall not discuss here, 
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and a compilation of mathematical definitions of which the more 
important ones are given here. [1] 
Permutations he calls “variationes ordinis” combinations are 
called “complexiones”. When referring to combinations of a 
special class, he writes “com2natio” or “combinatio”, “con3natio” 
or “conternatio” etc., a way of writing which was used earlier 
by Marin Mersenne [1635, 135 ff.; 1636, Livre des Chants, 134; 
see Knobloch 19741. Leibniz soon gave up these expressions, 
though, and after his stay in Paris (1672-1676) frequently used 
“combinationes” as a general term, even when not referring to 
combinations of the second class, thus following the practice of 
many of his precursors. The class of which a combination is 
made is called “exponens”. When all possible combinations 
(without repetition) are meant, he uses “complexiones simpliciter”. 
He introduces no special term for variations, but circumscribes 
them as “variationes tam complexionis seu materiae quam situs 
seu formae” similarly to Kaspar Schott in his Magia Universalis 
[1658 vol. 3, 6901 or Sebastian Izquierdo in his Pharus 
Scientiarum [ 1659, 3191. 
Leibniz subdivides his dissertation into 12 problems, but 
these by no means serve as a usable organization of its contents. 
This also appears from the very different lengths of individual 
chapters. The longest chapter (problem 2) alone takes up 28 
pages of the Academy edition, while the shortest fills a mere 
2 l/2 lines. On the other hand, the final paragraph following 
the formulation of the 12th problem refers to all of the last 
6 problems, whereas the second chapter includes part of the 
first. Leibniz indirectly gives an explanation in his introduc- 
tion for this lack of balance. He writes that he is primarily 
concerned with three important points, namely “problemata, 
theoremata, usus”. Where he thinks it worthwhile, as in the 
discussion of the first and fourth problems, he has added 
“theoremata” to the problems, but for all problems he has dis- 
cussed “usus” . It is above all their selection and presentation 
which lead to the lengths of the chapters differing to such an 
extent that the second one is longer than all the other 11 
chapters taken together. In that chapter Leibniz applies the 
“ars combinatoria” to the “Ars complicatoria Scientiarum seu 
Logica inventiva” [Leibniz 1666, LSB VI, 1, 2011. 
He must have felt the danger of staying with this subject too 
long, for towards the end of the second part he interrupts a 
train of thought by stating that he would say more about the 
methods of proofs used “if we did not fear that, in our endeavour 
to explain everything, we were torn away from the progress of 
our reasoning” [Leibniz 1666, LSB VI, 1, 1991. [21 In 1690 
the Frankfurt bookdealer Crbker published an unauthorized reprint 
of the dissertation, to which Leibniz reacted in the February 
issue of the Acta Eruditorum [Leibniz 1691, LSB VI, 2, 549-5501. 
There he was self-critical enough to point out the insufficient 
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structure of his work (“oeconomia operis, in qua multa possent 
mutari in melius” i.e. the structure of the work, much of which 
can be improved). 
From a modern mathematical point of view the drs Combinatoria 
lends itself to the following subdivisions: 
1. Problems 1 - 3. Combinations 
2. Problems 4 - 12. Permutations 
2.1. Problems 4 - 6. The three basic types 
2.2. Problems 7 - 12. Permutations with restrictions 
and the usefulness of permutations 
Leibniz says that he has given proofs for the solutions of 
only a few problems, and that he owes the second part of the 
first, the second, and the fourth problems to other authors, 
whereas he himself is the author of the others. Three things he 
thus credits to earlier authors: the determination of the num- 
ber of combinations without repetition (CwoR) of two objects, 
of all possible CwoR, and of permutations without repetition 
(PwoR) . These are indeed solved by Christoph Clavius [1585, 33- 
36] in his commentary on the Sphaera by John of Sacrobosco. 
Leibniz further remarks that he does not know who first solved 
these problems, but that Clavius in his commentary explains very 
satisfactorily everything that has been known for a long time. 
To this wrong conclusion he is led by the results he has found 
in Clavius. That the solutions were not found by the latter 
Leibniz learned from Clavius and from the second major source 
for his drs Combinatoria, the Hours of Mathematical and Philo- 
sophical Refreshment by Daniel Schwenter [1636, 68-71; continued 
by Harsdorffer 1651 and 16531. 
1.2. Problems 1 - 3 
Problem 1 gives an answer to the question of how the CWOR 
of any given class can be found. Leibniz is led to a wrong 
conclusion by Clavius. He writes that combinations of two objects 
are well known and given by n(n-1)/2, “generaliorem modum nos 
deteximus , ” i . e . “the more general method has been detected by 
us!” Leibniz’s method is to take the values from the arithmetic 
triangle, the formation of which he characterizes as C(n, k) 
= C(n-1, k) + C(n-1, k-l). It should be pointed out that he 
starts with zero the column of the number of objects chosen, 
although in this and in a later passage [Leibniz 1666, LSB VI, 
1, 1971 he explicitly excludes combinations of no elements since 
he gives the number of all possible combinations as 2n-1. Even 
this is an independent development beyond Clavius, who had not 
even considered combinations of one object. Leibniz then pre- 
sents eight propositions, the contents and proofs of which he 
asks the reader to take from the arithmetic triangle. Almost all 
of them had been stated before Leibniz and are not repeated here. 
Problem 2 determines the total number of all CwaR of n objects. 
Leibniz’s reason for taking 2n-1 (a result cited by Sanchez 1953, 
138) is hard to understand a1.d even harder to explain once it 
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has been understood. The reason has to be seen in the “discerptio” 
(“Zerf~llen” or partitioning) employed in the Practica Italica. 
[3] Here we have the first hint of Leibniz’s. studies on addi- 
tive number theory, which has been known as “partitio numerorum” 
since Euler. 
Among applications Leibniz discusses two questions: how many 
variations (ordered subsets or permutations) without repetition 
(urrol?) are there of a certain size or of all subsets? His 
solution, which he gives in words only, is first to form 
C(n, k).k! for each k and then to add all the values determined 
in this way. The method is correct, if not as elegant as that of 
his precursors. Mersenne [1635, 1331 already applied the formula 
n(n-1) . . . (n-k+l) and added the individual results whereas 
Izquierdo [1659, 327f.l and Johannes Caramuel de Lobkowitz [1670, 
vol. 2, 942-9431 used a recursion rule for the direct determina- 
tion of the number of the Vwor of all classes. Most interesting 
in this context from a mathematical point of view are numbers 76 
and 77 of section X [German translation in Schmidt 1960, 53-54, 
annotations on page SOOf.] where Leibniz gives a general solution 
of the following problem: how to find all possible combinations 
or all combinations of a given size for a given “caput”. Since 
he defines a “caput” as a definite subset of definitely given 
elements which have to be contained in the desired combinations, 
the problem reads in modern terms: how many combinations of a 
certain size or of all possible sizes contain a certain number 
of given elements? 
At the beginning of chapter 7, where Leibniz discusses the 
same problem with respect to permutations, he deliberately 
refers to this passage [Leibniz 1666, LSB VI, 1, 2191. It took 
him until January 1676 to answer the question for variations 
with repetition (VWR). [4] Earlier Pierre HBrigone [1634, vol. 
2, 1221 and following Andreas Tacquet [1665, 3791 had considered 
only the special case for a single fixed element. 
By choosing c objects from a set of n objects including the 
“caput” of m elements, the solutions to the two problems, which 
Leibniz expressed only verbally, were Znmm-l and C(n-m, c-m) 
respectively. For m # 0 it should read 2n-m. His examples show 
that Leibniz created the terms “Ollio” (read “nullio”) and “lnio” 
(read “unio”) as early as his Ars Combinatoria. He even forms 
the word “SuperOllio” for C(i, k) = 0, where k > m. 
In problem 3 Leibniz determines the number of combinations of 
sets (“classes”) for a given number of sets and the elements 
within the sets. This has to be understood as a general formu- 
lation for the number of VwR. Noteworthy is the related work on 
“partitio numerorum” (no. 23, 25). Leibniz speaks of “discerp- 
tiones” or “ZerfPllungen” (i.e. partitions), thereby introducing 
the special term which is still used today. He defines partitions 
as subsets of combinations. Only those “complexiones” are 
called “discerptiones” which, when taken together, equal the 
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total. This then means nothing else but combinations (“Kombina- 
tionen”) or, when the order of summands is considered as well, 
permutations with a given sum (“Variationen zu bestimmten Summen”) 
which have been used for a long time. Leibniz writes that it 
is possible to determine partitions of a certain size as well as 
of all sizes. In agreement with this he uses the same names as 
for common combinations, namely “discerptiones dato exponente” 
and “simpliciter”. There are n/a (n even) or (n-l)/2 (n odd) 
bipartitions of a number n when the order of summands is disre- 
garded, and n-l partitions otherwise. Later remarks indicate 
that Leibniz already was experimenting with partitions of more 
than two summands. 
1.3. Problems 4 - 12 
Beginning with problem 4, Leibniz studies permutations. 
He determines the number of &OR by means of the recursion rule 
n? = n(n-l)! and illustrates it by presenting numerous so-called 
Protean rhymes, i.e. rhymes which permit an unusually large 
number of rearrangements of their words without violation of 
the metrical laws. Problem 5 is dedicated to the circular per- 
mutations (cyclic transpositions) the number of which he correctly 
determines as n!/n = (n-l)!. His solution in problem 6 for PwR 
is wrong, though. 
Especially interesting are his calculations of the number of 
VwR for special types of repetitions, which I have discussed in 
the context of Mersenne’scombinatorial studies [Knobloch 19741. 
The final six problems hardly seem to deal with mathematics. 
Nevertheless Leibniz here, too, solves a number of interesting 
combinatorial questions which have previously been overlooked. 
Problem 7 considers permutations that contain a “caput”, i.e. 
a subset that is mapped onto itself by the permutation, or, in 
a special case, remains invariant. He distinguishes six possible 
types of “caput” by its having one or several elements, by the 
presence or absence of homogenous elements which can be placed 
in a given position in the same way as those already placed), 
and whether or not it is monadic (possessing no homogenous ele- 
ments). Thus, for example, in the most general case where the 
m elements of the “caput” of a total of n(U msn) can be permuted, 
the result is (n-m)?m!c(il+al, il). . .c(ik+ak, ik) # llm<n, given 
that in the jth case there are i. (j=1,2...,k) homogenous ele- 
ments within the “caput”, which ase homogenous with aj outside it. 
Leibniz suggests the application of these rules for the solu- 
tion of the remaining problems. In problem 8 he determines the 
number of permutations which have several “capita” in common. 
Problem 9 then precisely states the conditions under which this 
is not possible: firstly, when several “capita” partly or 
completely take the same place in a permutation, and, secondly, 
when the same (monadic) element occurs within several capita. 
The final three problems deal with the cases in which permutations 
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or “capita” are useful or useless, a question which still 
received some passing attention in Bernoulli’s Ars Conjectandi 
[1713, 78; Haussner 1899, vol. 1, 811. This is not a purely 
mathematical decision, but has to be made in cooperation with 
the sciences from which each special case has been taken (e.g., 
origin of elements calls on natural science, and transposition 
of rhymes requires metrics). 
2. Studies in Combinatorial Theory in a Narrower Sense 
It was only during his stay in Paris (1672-1676), and espe- 
cially after he had made the acquaintance of Christian Huygens, 
that Leibniz became thoroughly involved in the details of mathe- 
matical problems. Among other things, he took up his combina- 
torial studies again. By the end of 1672 he had worked his way 
through some mathematical literature [Hofmann 1949, 6ff.; 1966, 
425 ff.], but some of it, such as Pascal’s [1665] treatise on 
the arithmetic triangle, he had read so superficially that he 
made several wrong statements about it during his first visit to 
London in 1673. When he claimed that he himself and not Pascal 
had discovered the law of the additive formation of combinatorial 
numbers [Hofmann 1949, 161 he unwittingly showed how little he 
knew at that time about the work of the earlier mathematicians 
on combinatorial problems. 
Although Leibniz had his reservations about his own Dissertatio 
de Arte Combinatoria only a few years after its publication, the 
effect.it had on his later studies, even those made after 1690, 
is clearly discernible. Of course he made himself familiar 
during his Paris stay with the related mathematical literature 
(Pascal) and even with the newest publications of his day (such 
as the Elgmens des Mathgmatiques by Jean Prestet [1675]) and was 
motivated by them to the study of more advanced problems. One 
of these was the question of how many numbers can be formed from 
a certain number of numerals with a given number of digits 
[Prestet 1675, 350; Bernoulli 1713, 130f .; Haussner 1899, Vol .I, 
127; LH 35, XIV, 1 f. 3061. 
Leibniz was primarily interested in the laws of formation of 
the combinatorial numbers and the arithmetic triangle. He also 
took up the study of CwRandvwR, partly with the same questions 
in mind as in the Ars Combinatoria (“caput”-theory) [LH 3.5, III 
B, 14f. l-2; Rivaud 1914-1924, Nr. 12811. During these studies 
he discovered (if one interprets his results) that there are 
C(n-1, k-l) partitions of a number n into k summands, if the 
order of summands is considered [LH 4, V, 9 f. l-7 De L'Horizon 
de la Ei.octrine Humaine]. 
From both early and later manuscripts can be seen the impor- 
tance which Leibniz attached to an appropriate classification 
and designation of the combinatorial operations. Even in drafts 
written after 1690 [LH 35, XII, 2 f. 122 or LH 4, V, 9 f. l-71 
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he repeats the classification of the general conception of 
variations he had employed in his dissertation. New, however, 
are his special terms. In agreement with modern usage he speaks 
of combinations without necessarily meaning sets of two elements, 
which he calls “simple” or “doubled” depending on whether they 
are CwoR or CwR. Special weight is given to the fact that 
combinations can also be formed of no elements [LH 35, I, Sf. 
53; I, 29 f. 1-18, especially f. 7v-8r]. Permutations (without 
repetition) he calls “transpositions”; variations (with repeti- 
tion) of two, three,... elements are called “bigae”, “trigae”, 
etc. 
Characteristic of Leibniz is the close interrelationship 
between purely mathematical and philosophical thinking. This is 
very obvious in his De 1'Horiwn de la Doctrine Humaine [ LH 4, 
V, 9 f. l-71, developed from a thought in the Ars Combinatoria. 
Combinatorial laws lead him to the assumption of the cyclic 
nature of history to the extent that everything said or done 
will repeat itself someday. 
3. Studies on Partitions 
3.1. His tori cal background 
It is often maintained [Enestrom 1912/13, 352; Mllller 
1907, 74; Riordan 1958, 1071 that the history of the problem 
of finding the number of partitions of a natural number into 
integer summands begins with Euler’s writings on the “partitio 
numerorum”, to which he was stimulated by the Berlin mathemati- 
cian Philippe Naud6 the Younger, whose writings are compiled by 
Scriba [1970, 141-1421. As we have seen, and as the study of 
the unpublished manuscripts clearly shows, this belief is unjus- 
tified. G. Enestrtim was the first to regret that the pre- 
Eulerian history of the problem seemed to be quite unknown 
[ 1912/13, 3521. 
Karl Friedrich Hindenburg, the founder of the so-called 
Combinatorial school in Germany, pointed out as early as 1778 
and again in 1779 [Hindenburg 1778, 15; 1779, 871 that Christian 
Huygens and Jakob Bernoulli had already solved special problems 
in this field while studying the laws governing dice games 
[Huygens 1657, 529; Bernoulli 1713, 21-25; Haussner 1899, vol. 1, 
22-281, but his remarks were soon forgotten, as was his reference 
to Leibniz’s first statements on partitions in his Ars Combina- 
toria [Hindenburg 1779, 211. 
Another special problem on partitions appears around 1200 A.D. 
in Leonardo di Piss’s Liber Abaci [1202; 1857, 297f .], which 
reads : Which proper subset T of the set Z of integers is 
constructed in such a way that each integer can be parted into a 
sum of its elements? In case of the existence of such a subset 
it is asked in addition that T be minimal and that no element 
appear more than once. 
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The charming history of this so-called Bachet’s weighing 
problem has been told in another publication [Knobloch 1973a, 
142-1511. Here we mention that the “perfect partitions” might 
be interpreted as solutions and that Leibniz occupied himself 
also with this problem [LH 35, XII, 1 f. 171. 
Finally, Marin Mersenne,in his contributions to combinatorics 
contained in the two volumes on musical investigations written 
in 1635/36, lists the various partitions of certain numbers into 
equal or different summands, without regard to order, in order 
to describe the individual types of classes of combinations and 
permutations with repetitions [Mersenne 1635, 139; 1636, Livre 
des Chants, 1301. By this procedure he in fact determines the 
special numbers of the Bose-Einstein statistic. 
3.2. Leibniz and his successors 
Leibniz was almost exclusively interested in those parti- 
tions that were formerly called combinations with repetition 
and fixed sums, and which he called “true partitions” [LH 35, 
XII, 1 f. 102-1031. Permutations with repetitions and fixed 
sums, “absolute partitions” as he called them, he made use of 
only for the determination of combinations where the order of 
summands does not matter. It was his aim to find inductively, 
i.e. with the aid of tables, independent formulas for the number 
of partitions with a definite number k of summands, in other 
words, to calculate the number of solutions of the Diophantine 
equation [Rieger 1959, 3561: 
(1) n1 + n2 + . . . + nk = n I<_ nl( n2( .--< nk 
The still existing manuscripts reflect his numerous errors 
and misleading attempts, but one should not forget how long the 
mathematical world had to wait after Leibniz for the general 
solution of this problem. The mathematician and astronomer 
Ruggiero Giuseppe Boscovich, who worked in Italy, formulated the 
problem as follows [1748, 931: “Dato un numero, trovare quante 
sieno tutte le sue divisioni possibili in parti intere, senza 
determinarle a una a una” (Given a number, to find how many 
partitions of it are possible into integers, without determining 
the individuals one after the other). Boscovich, however, was 
content to describe his efforts in a general manner and to inform 
his reader that he had abandoned the problem because it contri- 
buted nothing to his primary subject, the polynomial theorem. 
At about the same time Euler was occupied with problems of par- 
titions that led to a first publication in the same year [1748, 
EO I, 8, 313 -3381. However, neither in this nor in later 
publications did Euler give an explicit formula for (l), but 
only a recursion law. [S] 
Hindenburg [1779, 88f.l frankly admitted that there was still 
a problem to be solved, but was as little interested in its 
solution as had been Boscovich. He was well aware of the diffi- 
culties when he wrote 16 years later [1695, 412f.l: 
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Note: that the solution of this problem is one of the 
most difficult ones that exist in the field of combina- 
torics, which becomes quite clear from Leibniz's remarks 
on this problem in a letter to Johann Bernoulli (more 
than 30 years after publication of his Ars Combinatoria). 
[61 
Johann Christoph Weinggrtner, a disciple of Hindenburg, even 
declared in his textbook [1800, vol. 1, 2961 on combinatorial 
analysis that such a formula would be very difficult to get. It 
was not until 1840 that Moritz Stern derived the long-sought 
result with the help of the Eulerian recursion law: 
-2 q 1 
Here and below Pn stands for the number of partitions of a 
number n in the sense of (l), e stands for the number of parti- 
tions of n into m summands, P, h is the number of partitions of 
n, the smallest summand of whiih is h, and pfj h is the number 
of partitions of n into m summands of which the smallest summand 
is h. 
3.3. Terminology 
Leibniz's terminology for partitions, just as for symmetric 
functions, is not consistent [Knobloch 1972, 280f.; 1973b, 
92-961. In his drs Combinatoria he speaks of "discerptiones, 
Zerfallungen" as mentioned above, and defines them as special 
cases of "complexiones" (combinations). The Latin term "discerptio' 
he uses most, and it appears in numerous manuscripts up to his 
death. [7] When he wants to refer to specific partitions into 
1, 2, 3, 4... summands, he writes "uniscerptiones, biscerptiones, 
triscerptiones, quadriscerptiones..." and sometimes also "lscerp- 
tiones, 2scerptiones..." evidently following his former usage 
for combinations of certain sizes in the Ars Combinatoria [LH 
35, III A, 28 f. 29v-30r; XII, 1 f. 103v, LBr 705 f. 77v]. I 
have found only two places where Leibniz applies the general 
term "discerptio" to the special partition into two summands 
[LH 35, XII, 1 f. lSr; III A, 28 f. 30r]. 
His terminology for partitions into two summands is quite in 
agreement with his general habit of forming words with the prefix 
"bi" in order to describe the formation of pairs. There are 
numerous examples of this, as "biconcursus, bielectio, bifactor, 
bifidus, biga, bilitera" etc. 
In his later writings Leibniz uses "divulsio" in the same 
sense as "discerptio", but less frequently. For special parti- 
tions he creates the forms "bidivulsiones, tridivulsiones" etc., 
but analogous to the forms of "discerptio" also uses the 
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abbreviated forms of “univulsio, bivulsio” etc. [LH 35, IV, 5 f. 
17 and f. 19; III A, 15 f. l-9; Leibniz, Mathematische Schriftea 
Vol. 7, 1651. 
Beyond this one finds occasional uses of 1. “partitiones” 
or “bipartitiones” [LH 35, II, 1 f. 7-37, especially f. 26’ 
(Rivaud 1914-1924, Nr. 1233 E); XII, 1 f. 341-342, especially 
f. 34Zv (Rivaud 1914-1924, Nr. 730)]. 2. “sectioned”; in the 
same manuscript [LH 35, XII, 1 f. 232-2331 Leibniz also and 
evidently only there, introduces a new symbol for P$: ;qEzq. 
3. “dispersio” [LBr 705 f. 126’ and 12Sr Diatribe Algebraica de 
Multinomiis]. 
3.4. Leibniz's enumeration of partitions in comparison to 
thoseof his successors 
In numerous tables Leibniz followed the same method of 
ordering: he arranged the summands of a partition by decreasing 
size and partitions by the size of successive sunnnands. When 
he wanted to enumerate all possible partitions of n he proceeded 
by number of summands. He hardly ever deviated from these two 
basic methods. 
Both his methods differ from those of his successors Boscovich, 
Euler and Hindenburg. Here we refer only to methods of presen- 
ting the partitions of a class. All three authors reversed 
Leibniz’s principle by arranging the summands by increasing size. 
While Euler himself did not emphasize his presentation and some- 
times also arranged the summands by decreasing size like Leibniz 
when enumerating all possible partitions [Euler 1751, EO I, 2, 
193; 1748, EO I, 8, 318 and 3331, Hindenburg gave strict orders 
as to how “combinations to a special sum” were to be treated 
[Hindenburg 1779, 73f.; and somewhat inexactly, 1778, 6-91. His 
procedure differed from that of Boscovich insofar as he arranged 
the partitions by the first, while Boscovich used the last sum- 
mand [Boscovich 1738, 901, and then the partitions of the next 
smaller class of the rest were placed either after or before 
this summand by both authors. In this way Boscovich enumerated 
the partitions in the same sequence as Leibniz. In those two 
cases [LH 35, XIV, 1 f. 169-170; III A, 28 f. 29-301 however, 
where Leibniz arranged the summands of a partition by decreasing 
size, but the partitions themselves by increasing size of the 
last summand, he enumerated the partitions in the same order as 
Hindenburg did. Like Hindenburg he also tried to attach appro- 
priate letters to summands. 
Leibniz constructed tripartitions from bipartitions by split- 
ting each second summand into two summands again. It was 
Hindenburg’s achievement to develop a general form of this method 
applicable to all partitions, but the idea stems from Leibniz. 
He was quite proud of it, because Euler [1753, EO I, 2, 2541 had 
still confessed that “Qui autem actu omnes partitiones dinumerare 
voluerit non solum in immensum laborem se immergit, sed omni 
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etiam attentione adhibita vix cavebit, ne turpiter decipiatur” 
(But whoever wants to enumerate really all partitions will not 
only begin an immense labour, but will also hardly avoid being 
deceived, even if he is as attentive as possible). Leibniz’s 
numerous efforts in this direction demonstrate how right Euler 
was. 
3.5. Determination of numbers of partitions 
It was Leibniz’s primary interest to determine the values 
of Pn and 4, from which he also hoped to arrive at the number 
of symmetric functions of a certain degree. lie tried throughout 
his life (evidently without asking for help from any of the 
numerous mathematicians he corresponded with, although Johann 
Bernoulli might have been able to help him [S]). In the final 
years of Leibniz’s life the Wolfenblittel school principal 
Theobald Overbeck seems to have given him voluminous tables of 
partition numbers which led him to the discovery of several 
laws of recursion. Overbeck was a diligent worker, but on the 
whole no match for Leibniz. 
The above-mentioned solut)on to Pz given in the Ars Combina- 
toria Leibniz summed up as P, = [n/2] not later than 1677 [LH 
35, III A, 28 f. 29-301. This is an important fact when one 
realizes that Weinglrtner [1800, Vol. 1, 2973 was not able to go 
beyond separate cases for n even or odd. 
Above all Leibniz tried to determine the value of P3 to 
which he devoted three studies that will be discussed fieie in 
greater detail. Still in his Paris time, he formulated a rule 
erroneously called “universal solution” which, however, can be 
transformed into a formula for pi. Two later attempts failed 
because of false reasoning or calculating. The methods were 
right, and therefore it is possible to bring Leibniz’s various 
efforts to a successful and improved conclusion. 
3.6. The three studies on Pz 
The first attempt was made about 1673 [LH 35, XII, 1 f. 
15 (Rivaud 1914-1924, Nr. 520B) and III B, 14 f. 4 (Rivaud 1914- 
1924, Nr. SZOA)]. Leibniz tried to derive a method for n = 8 
as an example that leads to a complete listing of all triparti- 
tions . To this end he takes up a thought from his Ars combina- 
toria: Vripartitions are derived from bipartitions by adding 
another summand.” Consequently he first enumerates all possible 
ordered bipartitions of 8: 
7+116+215+314+4(3+512+611+7 
6.1.1 hld-m,3-rkrds- 
5.2.1 4.2.2 A+CJ- - 
4.3.1 3.3.2 
From these n - 1 = 7 bipartitions he then obtains the requested 
tripartitions by renewed partition of the first summand into all 
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possible bipartitions (without regard to order). He notes that 
during this process repetitions occur with increasing frequency. 
Only the m-th tripartition of the m-th bipartition yields a new 
tripartition. The 1st to (m-l)th partition of the m-th biparti- 
tion are among the 1st to the (m-l)th tripartitions of previous 
bipartitions. If therefore the m-th column contains (m-l) 
partitions, it contains nothing but repetitions. Therefore all 
those bipartitions that contain no more than (m-l) partitions 
can be excluded. If one bipartition can be excluded, all the 
following ones are to be omitted as well, since the first sum- 
mand continually decreases and thus permits progressively fewer 
partitions. 
From these observations follows the Leibnizian rule which in 
modern terms reads: 
To find all k-partitions P$ of a natural number n, find 
all (k-l)-partitions of the numbers (n-l) to 1; in each 
case one has to subtract from P:-1 (Xm<n-1) the number 
of preceding numbers (that is, n-m+l). Hence, 
(3) Pk 
n = "=zl 
pk-l 
- v+l n-v 
The summation is to be continued as long as the summands are 
non-negative, e.g. PB 3 = P; + (P;-l) + (P2,-2) = 3 + (3-l) + (2-2)= 5. 
In reality (3) is not a universal rule, as Leibniz thought, but 
is only valid for the one case k = 3 from which he prematurely 
generalized . As an example of the limited ap 
5 
licability of the 
rule, (3) yields the wrong result Pz = P: + Pg -1 = 4 + (3-l) = 6. 
For k = 3 one gets 
(4) 
By putting the number of bipartitions in place of Pz-v-l, we 
find 
It thus appears that Leibniz inductively, without complete proof, 
found a solution that Moritz Stern derived 170 years later. The 
result can be further simplified to 
p3 = [(n2 +3)/112] 
n 
a compact expression Leibniz came very close to in his second 
attempt about 1689 [LH 35, XII, 1 f. 102-1031. There again he 
starts from special examples, in that case n = 6 and 7. He 
first makes use of all possible partitions, which means that he 
again observes the arrangement of sunnnands as in his first 
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attempt. For n = 6 we have the following partitions into three 
summands : 
411 321 231 141 
312 222 132 
213 123 
114 
or 1+2+3+4=10. In general 
n-2 
1 k = (";') 
k=l 
is the number of all possible tripartitions of a number n. The 
total consists of all those partitions that contain summands 
once, twice, or even three times. According to the possible 
orders they appear six times, three times or twice. The frequency 
of their appearance in the most difficult first case is determined 
by gradual exclusion of the last two possibilities. 
a. Three equal summands 
This third case (2 + 2 + 2) cannot appear more than once 
and then only when n is divisible by 3: 
(7) 
a = 1, if n : O(mod 3) 
a = 0, if n # O(mod 3) 
b. Three equal summands 
By dividing the remaining amount A = ((n-l) (n-2) - (2 or 0))/2 
by 3 one gets all d/3 partitions with summands that are either 
all different or with two equal summands. The partitions of this 
second group now appear once and only once. Leibniz prematurely 
determines their number by means of his example n = 7 as 
(8) n - 0 vel.1 , i.e. n 
2 [I 2
The two bars are meant to indicate that we here have a condition 
of divisibility with respect to 2. Actually, his example 
n = 6 shouldhave set him right, since [6/2] is 3, whereas only 
the partition 4 i 1 + 1 is possible. His (8) is correct only 
when n is an odd number and indivisible by 3, that is when 
n E 1, 5 (mod 6) is true, since in both of these cases every pair 
between 1 + 1 and [n/2] + [n/2] must occur. When n E 3 (mod 61, 
however, we must subtract the partition that is numbered as 
that one with three equal summands. When n is an even number, 
the last pair [n/2] + [n/2] cannot be used for a partition into 
three summands, and in the case n s 0 (mod 6) the partition 
consisting of three equal summands must be subtracted as well. 
Thus the possibilities can be accounted for in three cases: 
424 E. Knobloch 
n - O(mod 6) 
HMl 
B=4 
(9) n E 2,3,4(nwd 6) 
n-B [ 1 - 2 B=2 
n f 1,5(mod 6) n 
[I ? 
B=O 
C. Three different summands 
With these values Leibniz!s method of solution can be 
continued analogously, and we obtain 
(10) f (4 - [” ; 81) = f ((n-1) (n-2) ; (2 or 0) - p ; “1) 
as the number of partitions with three different summands. Divi- 
ding by 2 is necessary because the partitions with three different 
summands appear twice after the subtraction of the partitions 
with two equal summands. Thus 
(11) P;‘, = a + [y] + $( f$ - [CL]) = a + $( [(n-lk(n-2)] + [y!.]) 
Leibniz’s own final formula 
ad + 2 + 10 0 vel 1 - 3 0 vel 1 
12 
is incorrect because of the error mentioned, although recognizably 
similar to the modern solution (6). One bar above 0 vel 1 indi- 
cates a condition of divisibility with respect to 3. 
His third and most extensive investigation; of which I am 
offering only a bare outline here, was made in 1699 and probably 
led to his comment to Johann Bernoulli concerning partitions 
[LH 35, III A, 15 f. 104; the following four sketches f. 5-6, 
f. 7, f. 8, f. 9 must be added]. Leibniz calculated P3 with the 
aid of certain partitions into two summands which he &led 
“useful”. The concept “useful ” results from his order of the 
summands . The partitions into three summands arise from a first 
item z as well as all partitions into two summands of the accom- 
panying complement y, of which only those whose first part v 
is not larger than z are useful. 
He performs the solution in four steps. In the first two 
he makes a separate investigation of the cases in which all (total) 
or only some (partial) partitions into two summands of a comple- 
ment are useful. In the second two he calculates the number of 
partitions of the two types of complements. The sum of both of 
these numbers produces the desired value P;. 
a. All partitions into two summands are useful. Let us 
assume that v is the first summand in the first partition into 
two surmnands of any complement y. In his table Leibniz finds 
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the proposition that z+v is always equal to n-l. If we disregard 
an oversight, he subsequently proves that there is a relation- 
ship z,>n/2<--> OS z-v. 
b. Only some of the partitions into two summands of y are 
useful. Once again Leibniz goes to his tables and finds the 
statement that the number of partitions into two summands which 
are not useful is y-l-v and that the number of useful partitions 
of y for a given v is, therefore, [y/2] - y + 1 + v. 
C. Sum of all totally useful partitions into two summands. 
Only useful partitions into two summands supply all the numbers 
between 2 and [(x1+1)/2]. The desired sum of [2/2] + [3/2] + . . . 
+ [ (n+1)/4] results in 
(121 
s = L 
2( 
f f f+l) f+l -- - 
2 c 1 2 
,fr % [ I) 
d. Sum of all partially useful partitions into two summands. 
On the basis of (a) all complements y> f have only partially 
useful partitions into two summands. Since y = n - v, the 
number of partially partitions into two summands, on the basis 
of (b), is 
[ 1 y +2v+l-n 
Since the largest summand of the last partition into three sum- 
mands is v = [(n+2)/31, as Leibniz again finds in his tables, 
the Q = n - [(n+l)/2[ - [ (n+2)/31 values from (13) for the 
various values of v from y = n - v = 1 + [(n+1)/2] to v = 
[(n+2)/3] must be added together. Although the difference be- 
tween two consecutive values for v, v-l is not constant, Leibniz 
adds these Q values with the summation formula of an arithmetic 
series, a step permissible only for even Q. Insertion of the 
first value v = n - 1 - [(n+l)/2] and of the last value v = 
[ (n+2)/3] in (13) produces 
(14) R= [$(l + [?I)]- 2[9 + [$(n - [?])I + 2[5q= [%I+ B 
Leibnizls final result is 
(15) 
Because of 
when n E 
difficulty 
10,ll (mod 
(16) 
P3 =s+ n f"P=S++([~] +l3) 
the error involved, Leibniz’s result is only correct 
0 , 2, 3 , 4 , 5 , 7 (mod U). There is, however, no 
in extending it to the cases in which n z 1,6,8,9, 
12). (P being an odd number), and we obtain 
Pi = s + f([Q$qR + [Y](F] + y)) 
whereby y = -If + - [T] )] + 2[?] 
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Keeping in mind the necessary limitation to an appropriate n, 
we can state that for the very first time in the history of 
mathematics Leibniz found an explicit formula for ~2. 
3.7 Further results concerning the theory of partitions 
The difficulties encountered when calculating pf3 evidently 
deterred Leibniz from attempting to determine P$ for larger k, 
but he found many other results, in particular the laws of 
recurrence. As early as 1673 he formulated e = p,"-l = 1 
[LH 35, XII, 1 f. 151. Probably more than ten years later he 
derived a recurrence formula that is valid only under certain 
conditions and expresses 6 with the aid of e-l and es2 
[LH 35, XII, 1 f. 232-2331. Nevertheless, in the years 1712- 
1715 by induction he found but did not prove the following 
interesting regularities [LBr 705 f. 77-781: 
Pk k = P + PkI1 
(Euler’s Rule of Rec~rren~ek[Eul~r11751, EO I, 3, 1911) 
n-l 
"I& p;:',+" = ki1 p;+, 
v=o 
'n =l+P n-l,1 
+P 
n-2,2 
+ 
.*. + 'n-[n-2],[n/2] 
P n 
n = '2n 
His study of symmetric functions led him, in addition, to two 
partition problems, which, however, he neither formulated as such 
nor investigated intensively. He compiled a table which produces 
the values 
lk P," (k = 1,2 . . . . n) 
v=l 
in the special case n 
P 
n = .E, 
PV n 
without realizing that 
$ P; = P;+k 
v=1 
As a result of his investigation of powers he calculated the 
number of all the partitions of a number n, which only contain 
the summands 1,2,3 and 1,2,3,4 respectively, without recognizing 
the fact that the results coincide with Pz+3 and P$+~ respec- 
tively. 
A further use of partitions, namely the attempt to divide 
products (i.e. forms or the terms of symmetric functions) into 
a certain number of factors [LH 35, IV, 5 f. 171, led Leibniz 
(before 1700!) to Stirling numbers of second order [Sterling, 1730, 
81, an,d the solution of special problems of permutations. 
l-341 Leibniz on combinatorics 427 
NOTES 
These definitions are often mentioned in the literature, 
for examples Serres [196Sa, 121-123; 196Sb, 412-4131. 
A German translation is given in Schmidt [1960, 581. 
This expression is used again in the drafts LH 35, XII, 1 
f. 17 and LH 35, I, 29 f. l-18, especially f. 6r. Leibniz 
possibly knew it from Lantz [1616, 521. 
LH 35, III B, 14 f. l-2 De numero jactuum in tesseris, 
written in January 1676 [Rivaud 1914-1924, Nr. 12811; 
Biermann has discussed this study in two papers [1954; 19561. 
Euler [1770; EOI, 3,141] published an explicit formula only 
for the number of ways in which a number n+X can be given 
by n dice, each of them consisting of n sides carrying the 
first m integers. 
Hindenburg alludes to Leibniz's letter of July 28 (August 7) 
1699 to Johann Bernoulli [Leibniz, Mathematische Schriften, 
vol. 3, 6011. 
For example LH 35, III A, 4 f. 26; III A, 28 f. 29-30; III B, 
14 f. 4 [Rivaud 1914-1924, Nr. 520 A]; XII, 1 f. 15 [Rivaud 
1914-1924, Nr. 520 B]; XII, 1 f. 14; XII, 1 f. 102-103; 
XII, 1 f. 232-233; XIII, 1 f. 163; XIV, 1 f. 169-170; XIV, 
1 f. 176; LBr 705, f. 77-78; LBr 705, f. 120. 
See note 6. When 'Leibniz asked Johann Bernoulli whether he 
had ever tried to determine the number of partitions, he 
got no answer. 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
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